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1. Introduction



1.1 Setting 1. Introduction

Fix your field 𝑘 and consider the ring 𝑅 = 𝑘[𝑥1, 𝑥2,…, 𝑥𝑛]. Remember 

that by Hilbert Basissatz, any ideal in this ring is finitely generated.
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that by Hilbert Basissatz, any ideal in this ring is finitely generated.

Let 𝑓 = 𝑥𝑦 and 𝑔 = 𝑥𝑦 − 𝑧 in 𝑘[𝑥, 𝑦, 𝑧] and define 𝐼 = ⟨𝑓,𝑔⟩. Someone 

may ask whether 𝑧 ∈ 𝐼  or not, and we can respond by saying

𝑧 = 𝑓 − 𝑔.
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that by Hilbert Basissatz, any ideal in this ring is finitely generated.

Let 𝑓 = 𝑥𝑦 and 𝑔 = 𝑥𝑦 − 𝑧 in 𝑘[𝑥, 𝑦, 𝑧] and define 𝐼 = ⟨𝑓,𝑔⟩. Someone 

may ask whether 𝑧 ∈ 𝐼  or not, and we can respond by saying

𝑧 = 𝑓 − 𝑔.

But what an expression like 𝑧2? Is that in 𝐼  as well? This makes us 

define our problem.

Ideal Membership Problem: Given an ideal 𝐼 = (𝑓1,…, 𝑓𝑛) ⊂ 𝑅 and 

a polynomial 𝑓 ∈ 𝑅, is 𝑓 ∈ 𝐼? If it is, what’s the linear combination of 

𝑓𝑖 that is equal to 𝑓?
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1.2 Preliminary Definitions 1. Introduction

Definition (Monomial ordering): Let 𝛼 = [𝛼1, 𝛼2,…, 𝛼𝑛] be a multi-

index, meaning

𝑥𝛼 = 𝑥𝛼11 𝑥
𝛼2
2 ⋯𝑥𝛼𝑛𝑛 .

There is a total order ≺ on 𝑅 satisfying:

1) 𝑥𝛼 ≺ 𝑥𝛽 ⟹𝑥𝛼+𝛾 ≺ 𝑥𝛽+𝛾  for multi-indices 𝛼, 𝛽, 𝛾.

2) 1 ≺ 𝑥𝛼 for all 𝛼 ∈ ℕ𝑛 ∖ {0}.
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1.3 Degree Lexicographic Order 1. Introduction

The previous definition creates a “degree lexicographic order”. In simple 

terms, if we have 𝑥 > 𝑦 > 𝑧 lexicographically, suppose

𝑓 = 𝑥3 + 𝑧7 + 𝑥2𝑦 + 𝑦𝑧2 + 𝑦2𝑧 + 𝑦 + 𝑥.
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𝑓 = 𝑥3 + 𝑧7 + 𝑥2𝑦 + 𝑦𝑧2 + 𝑦2𝑧 + 𝑦 + 𝑥.

Writing out their multi-indices, we get

(3, 0, 0), (0, 0, 7), (2, 1, 0), (0, 1, 2), (0, 2, 1), (0, 1, 0), (1, 0, 0).

Riyaz Ahuja, Dennis Chen, Rohan Jain Grobner Bases 2025-11-29 8 / 65



1.3 Degree Lexicographic Order 1. Introduction

The previous definition creates a “degree lexicographic order”. In simple 
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𝑓 = 𝑥3 + 𝑧7 + 𝑥2𝑦 + 𝑦𝑧2 + 𝑦2𝑧 + 𝑦 + 𝑥.

Writing out their multi-indices, we get

(3, 0, 0), (0, 0, 7), (2, 1, 0), (0, 1, 2), (0, 2, 1), (0, 1, 0), (1, 0, 0).

We want to sort these by index from left to right, meaning the right 

order is

(3, 0, 0), (2, 1, 0), (1, 0, 0), (0, 2, 1), (0, 1, 2), (0, 1, 0), (0, 0, 7).
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1.3 Degree Lexicographic Order 1. Introduction

So we get that 𝑓  should be written as

𝑓 = 𝑥3 + 𝑥2𝑦 + 𝑥 + 𝑦2𝑧 + 𝑦𝑧2 + 𝑦 + 𝑧7.
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1.4 Parts of the polynomial 1. Introduction

Definition: Fix a monomial order on 𝑘[𝑥1,…, 𝑥𝑛] and let 𝑓 ∈
𝑘[𝑥1,…, 𝑥𝑛] written as

𝑓 = 𝑐1𝑋𝛼1 +⋯+ 𝑐𝑟𝑋𝛼𝑟

where each 𝛼𝑖 is a multiindex such that 𝑋𝛼1 > ⋯ > 𝑋𝛼𝑟  with respect 

to our monomial ordering. We define:

• LM(𝑓) = 𝑋𝛼1  (the leading monomial)

• LC(𝑓) = 𝑐1 (the leading coefficient)

• LT(𝑓) = 𝑐1𝑋𝛼1 = LC(𝑓) ⋅ LM(𝑓) (the leading term)
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1.4 Parts of the polynomial 1. Introduction

Example: Let 𝑓 = 42𝑥3 + 5𝑦2 + 𝑧. Then,
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LM(𝑓) = 𝑥3, LC(𝑓) = 42, LT(𝑓) = 42𝑥3.
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1.5 Gaussian Elimination (v2) 1. Introduction

The motivation for Grobner bases comes from wanting to solve systems 

of polynomials efficiently. Consider the example below

{𝑓 ≔ 𝑥𝑦2 + 4 = 0
𝑔 ≔ 𝑥2𝑦 − 8 = 0.
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{𝑓 ≔ 𝑥𝑦2 + 4 = 0
𝑔 ≔ 𝑥2𝑦 − 8 = 0.

We want to “eliminate” the first term as we did in classic Gaussian 

Elimination. This introduces the idea of an 𝑆-polynomial, denoted 

𝑆(𝑓, 𝑔). In this case, we get

𝑆(𝑓, 𝑔) = 𝑥𝑓 − 𝑦𝑔 = 4𝑥 + 8𝑦.
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The motivation for Grobner bases comes from wanting to solve systems 

of polynomials efficiently. Consider the example below

{𝑓 ≔ 𝑥𝑦2 + 4 = 0
𝑔 ≔ 𝑥2𝑦 − 8 = 0.

We want to “eliminate” the first term as we did in classic Gaussian 

Elimination. This introduces the idea of an 𝑆-polynomial, denoted 

𝑆(𝑓, 𝑔). In this case, we get

𝑆(𝑓, 𝑔) = 𝑥𝑓 − 𝑦𝑔 = 4𝑥 + 8𝑦.

By solving and checking with our equations, we get (𝑥, 𝑦) = (−1, 2).
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1.6 Polynomial Reduction 1. Introduction

Definition: Given 𝑓, 𝑔, ℎ ∈ 𝑅 with 𝑔 ≠ 0, we can say 𝑓  reduces to ℎ 

modulo 𝑔 if LM(𝑔) divides a non-zero term 𝑋 of 𝑓  and

ℎ = 𝑓 − 𝑋
LT(𝑔)

⋅ 𝑔.
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Definition: Given 𝑓, 𝑔, ℎ ∈ 𝑅 with 𝑔 ≠ 0, we can say 𝑓  reduces to ℎ 

modulo 𝑔 if LM(𝑔) divides a non-zero term 𝑋 of 𝑓  and

ℎ = 𝑓 − 𝑋
LT(𝑔)

⋅ 𝑔.

• 𝑥𝑦𝑧 reduces to 𝑦2 modulo 𝑥𝑧 − 𝑦 because

𝑥𝑦𝑧 − 𝑦 ⋅ (𝑥𝑧 − 𝑦) = 𝑦2.
• 𝑥2𝑧 + 3𝑦2 reduces to −𝑥3 − 7𝑥𝑦 + 3𝑦2 modulo 𝑥2 + 𝑥𝑧 + 7𝑦 

because

𝑥2𝑧 + 3𝑦2 − 𝑥 ⋅ (𝑥2 + 𝑥𝑧 + 7𝑦) = −𝑥3 − 7𝑥𝑦 + 3𝑦2.
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1.7 What is the Grobner Basis? 1. Introduction

Definition: Given 𝑓, ℎ ∈ 𝑅 and a set 𝐺 = {𝑔1,…, 𝑔𝑛} ⊂ 𝑅 of nonzero 

polynomials, we can say 𝑓  reduces to ℎ modulo 𝐺 if there exists a 

sequence of indices 𝑖1,…, 𝑖ℓ ∈ {1,…, 𝑛} and polynomials ℎ1,…ℎℓ−1 

such that 𝑓  reduces to ℎ1 modulo 𝑔𝑖1 , ℎ1 reduces to ℎ2 modulo 𝑔𝑖−2, …, 

ℎℓ−1 reduces to ℎ modulo 𝑔𝑖ℓ .
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ℎℓ−1 reduces to ℎ modulo 𝑔𝑖ℓ .

Definition: A polynomial 𝑓  is called reduced with respect to 𝐺 if it 

cannot be reduced modulo 𝐺. That is, no term of 𝑓  is divisible by 

LM(𝑔𝑖) for any 𝑖.
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ℎℓ−1 reduces to ℎ modulo 𝑔𝑖ℓ .

Definition: A polynomial 𝑓  is called reduced with respect to 𝐺 if it 

cannot be reduced modulo 𝐺. That is, no term of 𝑓  is divisible by 

LM(𝑔𝑖) for any 𝑖.

Definition: A set 𝐺 = {𝑔1,…, 𝑔𝑛} of non-zero polynomials is a 

Grobner basis for the ideal 𝐼 = (𝑓1,…, 𝑓𝑚) if for all non-zero 𝑓 ∈ 𝐼 , we 

have that LM(𝑔𝑖) | LM(𝑓) for some 𝑔𝑖 ∈ 𝐺.
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1.8 Finding the Grobner Basis 1. Introduction

We introduce Buchberger’s Algorithm. Let 𝐹 = {𝑓1,…, 𝑓𝑚} be a set of 

polynomials.

1) 𝐺 ≔ 𝐹 . Construct an initial set of pairs to examine:

𝑃 ≔ {(𝑓, 𝑔) | 𝑓, 𝑔 ∈ 𝐺, 𝑓 ≠ 𝑔}.

2) While 𝑃  is non-empty,

a) Select an remove a pair (𝑓, 𝑔) ∈ 𝑃 .

b) Compute 𝐿 ≔ lcm(LM(𝑓), LM(𝑔)).
c) Compute 𝑆(𝑓, 𝑔) = 𝐿

LT(𝑓)𝑓 −
𝐿

LT(𝑔)𝑔.
d) Reduce 𝑆(𝑓, 𝑔) with respect to 𝐺 with the following reduction 

process:
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1.8 Finding the Grobner Basis 1. Introduction

• While there is a nonzero term 𝑇  in 𝑆(𝑓, 𝑔) for which there 

exists an ℎ ∈ 𝐺 with LM(ℎ) | 𝑇 , write 𝑇 = 𝑐𝑋 (with 𝑋 

monomial and 𝑐 coefficient) and replace

𝑆(𝑓, 𝑔) ≔ 𝑆(𝑓, 𝑔) − 𝑐
LC(ℎ)

⋅ 𝑋
LM(ℎ)

ℎ.

Denote the fully reduced polynomial as 𝑆′.
e) If 𝑆′ is nonzero, add it to 𝐺. And for every ℎ in 𝐺, add the pair 

(𝑆′, ℎ) to 𝑃 .

3) When no new 𝑆-polynomials reduce to a nonzero remainder, (i.e. 

when 𝑃  is empty), the current set 𝐺 is the Grobner basis we are 

looking for.
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1.9 Example of Buchberger’s Algorithm 1. Introduction

Let 𝑓1 = 𝑥2 − 𝑦 and 𝑓2 = 𝑥𝑦 − 1. Our goal is to compute the Grobner 

basis for the ideal 𝐼 = ⟨𝑓1,𝑓2⟩.
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basis for the ideal 𝐼 = ⟨𝑓1,𝑓2⟩.

We start by computing the 𝑆 polynomial

𝑆(𝑓1, 𝑓2) = 𝑦𝑓1 − 𝑥𝑓2 = 𝑥 − 𝑦2.
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Let 𝑓1 = 𝑥2 − 𝑦 and 𝑓2 = 𝑥𝑦 − 1. Our goal is to compute the Grobner 

basis for the ideal 𝐼 = ⟨𝑓1,𝑓2⟩.

We start by computing the 𝑆 polynomial

𝑆(𝑓1, 𝑓2) = 𝑦𝑓1 − 𝑥𝑓2 = 𝑥 − 𝑦2.

Since 𝑥 − 𝑦2 cannot be reduced by 𝑓1 or 𝑓2, we add it to our basis:

𝑓3 ≔ 𝑥− 𝑦2.
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1.9 Example of Buchberger’s Algorithm 1. Introduction

So now we have 𝐺 = {𝑓1 = 𝑥2 − 𝑦, 𝑓2 = 𝑥𝑦 − 1, 𝑓3 = 𝑥 − 𝑦2}. Now 

we want to calculate 𝑆(𝑓1, 𝑓3) and 𝑆(𝑓2, 𝑓3). 
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we want to calculate 𝑆(𝑓1, 𝑓3) and 𝑆(𝑓2, 𝑓3). Firstly,

𝑆(𝑓1, 𝑓3) = 𝑓1 − 𝑥𝑓3 = 𝑥𝑦2 − 𝑦.

However, we can see that 𝑆(𝑓1, 𝑓3) = 𝑦𝑓2, so we don’t add it.
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we want to calculate 𝑆(𝑓1, 𝑓3) and 𝑆(𝑓2, 𝑓3). Firstly,

𝑆(𝑓1, 𝑓3) = 𝑓1 − 𝑥𝑓3 = 𝑥𝑦2 − 𝑦.

However, we can see that 𝑆(𝑓1, 𝑓3) = 𝑦𝑓2, so we don’t add it.

𝑆(𝑓2, 𝑓3) = 𝑓2 − 𝑦𝑓3 = 𝑦3 − 1.

If we take 𝑓3 and replace 𝑥 = 𝑦2 into this polynomial, we get that

𝑦3 − 1 = 𝑥𝑦 − 1 = 𝑓2.

As such, we don’t want to add this polynomial to our basis either.
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1.9 Example of Buchberger’s Algorithm 1. Introduction

As we have considered every 𝑆 polynomial of every pair of polynomials 

in our basis, we are done and we have that our Grobner basis is

𝐺 = {𝑓1 = 𝑥2 − 𝑦, 𝑓2 = 𝑥𝑦 − 1, 𝑓3 = 𝑥 − 𝑦2}.
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1.10 Unique Representatives 1. Introduction

A basis {𝑔1,…, 𝑔𝑛} of 𝐼  is a Grobner basis iff every element of 𝐴(𝑋) =
𝑘[𝒙]/𝐼  has exactly one representative with none of its terms divisible by 

any LM(𝑔𝑖).
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A basis {𝑔1,…, 𝑔𝑛} of 𝐼  is a Grobner basis iff every element of 𝐴(𝑋) =
𝑘[𝒙]/𝐼  has exactly one representative with none of its terms divisible by 

any LM(𝑔𝑖).

Proof: Follows from the definition of a Grobner Basis.
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𝑘[𝒙]/𝐼  has exactly one representative with none of its terms divisible by 

any LM(𝑔𝑖).

Proof: Follows from the definition of a Grobner Basis.

• Grobner Basis ⟹ Unique Representative: For the sake of 

contradiction suppose some polynomial has two representatives 𝑟1 

and 𝑟2. But then 𝑟1 − 𝑟2 ∈ 𝐼 , and the leading term from 𝑟1 + (𝑟2 −
𝑟1) comes from 𝐼 .
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A basis {𝑔1,…, 𝑔𝑛} of 𝐼  is a Grobner basis iff every element of 𝐴(𝑋) =
𝑘[𝒙]/𝐼  has exactly one representative with none of its terms divisible by 

any LM(𝑔𝑖).

Proof: Follows from the definition of a Grobner Basis.

• Grobner Basis ⟹ Unique Representative: For the sake of 

contradiction suppose some polynomial has two representatives 𝑟1 

and 𝑟2. But then 𝑟1 − 𝑟2 ∈ 𝐼 , and the leading term from 𝑟1 + (𝑟2 −
𝑟1) comes from 𝐼 .

• Unique Representative ⟹ Grobner Basis: The unique representative 

of 0 is 0.
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1.11 Computing the representative 1. Introduction

Just use the division algorithm the exact same way as computing the 

Grobner basis.
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2. Applications of 

Grobner Bases



2.1 Ideal Membership Problem 2. Applications of Grobner Bases

The biggest use of Grobner Bases for mathematicians is the ideal 

membership problem.
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2.1 Ideal Membership Problem 2. Applications of Grobner Bases

The biggest use of Grobner Bases for mathematicians is the ideal 

membership problem.

Solution: Compute a Grobner Basis for 𝐼  and the representative of 𝑓 . If 

it is 0, then 𝑓 ∈ 𝐼 ; otherwise, we know for sure that 𝑓 ∉ 𝐼 .
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2.2 Radicals 2. Applications of Grobner Bases

Suppose 𝐼 = ⟨𝑓1,…, 𝑓𝑛⟩ and our Grobner Basis is 𝐺.

We overload notation a little and define LM(𝐼) to be the ideal of 𝐼  

generated by the leading monomials LM(𝑓) for all 𝑓 ∈ 𝐼 .
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2.2 Radicals 2. Applications of Grobner Bases

Suppose 𝐼 = ⟨𝑓1,…, 𝑓𝑛⟩ and our Grobner Basis is 𝐺.

We overload notation a little and define LM(𝐼) to be the ideal of 𝐼  

generated by the leading monomials LM(𝑓) for all 𝑓 ∈ 𝐼 .

1) Radical Membership Problem: Recall that 𝑓 ∈
√
𝐼 ⟺ 1 ∈

⟨𝑓1,…, 𝑓𝑛, 1 − 𝑦𝑓⟩.
2) Is 𝐼  radical: It is a fact that LM(𝐺) generates LM(𝐼) and 𝐺 being 

square free implies 𝐼  is radical (since 𝐺 generates 𝐼).

Riyaz Ahuja, Dennis Chen, Rohan Jain Grobner Bases 2025-11-29 24 / 65



2.3 Exercise 4.15 (H2, 3.8) 2. Applications of Grobner Bases

Consider the projection of the twisted cubic (i.e. the Veronese 

embedding ℙ1 ∋ [𝑥 : 𝑦] ↦ [𝑥3 : 𝑥2𝑦 : 𝑥𝑦2 : 𝑦3] ∈ ℙ3) from (i) the point 

[1 : 0 : 0 : 1] and from (ii) the point [0 : 1 : 0 : 0]. In each case, show the 

image is an irreducible curve in ℙ2, and find the defining equation.

Solution: For the sake of time we only do (i)

• Take the projection [𝑎 : 𝑏 : 𝑐 : 𝑑] ↦ [𝑏 : 𝑐 : 𝑎 − 𝑑]. The image has 

parametrization [𝑥, 𝑦] ↦ [𝑥2𝑦 : 𝑥𝑦2 : 𝑥3 − 𝑦3].
• A point [𝑎 : 𝑏 : 𝑐] is in the image if some [𝑥 : 𝑦 : 𝑎 : 𝑏 : 𝑐] is in the 

ideal

𝐼 ≔ ⟨𝑎 − 𝑥2𝑦, 𝑏 − 𝑥𝑦2, 𝑐 − (𝑥3 − 𝑦3)⟩.
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2.3 Exercise 4.15 (H2, 3.8) 2. Applications of Grobner Bases

• Eliminate 𝑥 and 𝑦 from the ideal to get a single equation in terms of 𝑎, 

𝑏, and 𝑐. (How? We will cover this right after!)

• If we really wanted to we could use M2 to check irreducibility, but 

that’s kind of silly in this case: the image of a (non-constant) 

dominant rational map is irreducible.

What is the point? We no longer have to make ad-hoc arguments that 

the image is the vanishing ideal of some polynomial; we (or M2) can 

mindlessly perform some calculations.
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2.4 Elimination: Motivation 2. Applications of Grobner Bases

We would like to write 𝐼  in the form

⟨𝑓, 𝑔1, 𝑔2⟩

where 𝑓  depends entirely on 𝑎, 𝑏, and 𝑐, and 𝑔1 and 𝑔2 yield solutions 𝑥 

and 𝑦 after we plug in 𝑎, 𝑏, and 𝑐 which satisfy 𝑓 .
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2.5 Elimination Theorem 2. Applications of Grobner Bases

For 𝐼 ⊆ 𝑘[𝒙] with Grobner basis 𝐺 (with respect to lexicographic 

ordering 𝑥𝑛 ≺ … ≺ 𝑥1),

𝐺ℓ ≔ 𝐺∩ 𝑘[𝑥ℓ+1,…, 𝑥𝑛]

is a Grobner basis of

𝐼ℓ ≔ 𝐼 ∩ 𝑘[𝑥ℓ+1,…, 𝑥𝑛].
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ordering 𝑥𝑛 ≺ … ≺ 𝑥1),

𝐺ℓ ≔ 𝐺∩ 𝑘[𝑥ℓ+1,…, 𝑥𝑛]

is a Grobner basis of

𝐼ℓ ≔ 𝐼 ∩ 𝑘[𝑥ℓ+1,…, 𝑥𝑛].

Idea: Just show that LM(𝐼ℓ) = LM(𝐺ℓ).
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2.5 Elimination Theorem 2. Applications of Grobner Bases

For 𝐼 ⊆ 𝑘[𝒙] with Grobner basis 𝐺 (with respect to lexicographic 

ordering 𝑥𝑛 ≺ … ≺ 𝑥1),

𝐺ℓ ≔ 𝐺∩ 𝑘[𝑥ℓ+1,…, 𝑥𝑛]

is a Grobner basis of

𝐼ℓ ≔ 𝐼 ∩ 𝑘[𝑥ℓ+1,…, 𝑥𝑛].

Idea: Just show that LM(𝐼ℓ) = LM(𝐺ℓ).

See also: Extension Theorem. (This is how we recover a full solution 

from a partial solution.)
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2.6 Graph Coloring 2. Applications of Grobner Bases

Let’s analyze the graph below. We are wondering whether this graph is 

three-colorable.
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2.7 Representing Graph Coloring 

with Ideals

2. Applications of Grobner Bases

Work in 𝔽3 (integers mod 3) and let {−1, 0, 1} be the colors. 
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We are subject to the constraint that 𝑥3𝑖 − 𝑥𝑖 = 0 for all 𝑖, which is 

saying that each vertex gets assigned exactly one color. 
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We are subject to the constraint that 𝑥3𝑖 − 𝑥𝑖 = 0 for all 𝑖, which is 

saying that each vertex gets assigned exactly one color. Additionally, for 

each edge (𝑖, 𝑗), 𝑥𝑖 ≠ 𝑥𝑗. 
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2.7 Representing Graph Coloring 

with Ideals

2. Applications of Grobner Bases

Work in 𝔽3 (integers mod 3) and let {−1, 0, 1} be the colors. We’ll 

assign one variable to each vertex (6 vertices means 𝑥1, 𝑥2,…, 𝑥6).

We are subject to the constraint that 𝑥3𝑖 − 𝑥𝑖 = 0 for all 𝑖, which is 

saying that each vertex gets assigned exactly one color. Additionally, for 

each edge (𝑖, 𝑗), 𝑥𝑖 ≠ 𝑥𝑗. Consider the adjacency polynomial

𝑓(𝑥𝑖, 𝑥𝑗) = 𝑥2𝑖 + 𝑥𝑖𝑥𝑗 + 𝑥2𝑗 − 1.

This is zero if and only if they are different colors.
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2.8 Coloring the graph 2. Applications of Grobner Bases

Now we claim that solutions to

𝑉 ({𝑥3𝑖 − 𝑥𝑖 | ∀𝑖 = 1,…, 𝑛}, {𝑓(𝑥𝑖, 𝑥𝑗) | (𝑖, 𝑗) ∈ 𝐸Γ})

will correspond to valid colorings of the graph.
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2.9 Actually computing a coloring 2. Applications of Grobner Bases

Consider all the relevant polynomials:

𝑥31 − 𝑥1, 𝑥32 − 𝑥2, 𝑥33 − 𝑥3,

𝑥34 − 𝑥4, 𝑥35 − 𝑥5, 𝑥36 − 𝑥6

Now for adjacency:

𝑥21 + 𝑥1𝑥2 + 𝑥22 − 1, 𝑥21 + 𝑥1𝑥3 + 𝑥23 − 1,
𝑥22 + 𝑥2𝑥3 + 𝑥23 − 1, 𝑥22 + 𝑥2𝑥4 + 𝑥24 − 1,
𝑥23 + 𝑥3𝑥5 + 𝑥25 − 1, 𝑥24 + 𝑥4𝑥6 + 𝑥26 − 1,
𝑥25 + 𝑥5𝑥6 + 𝑥26 − 1
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2.9 Actually computing a coloring 2. Applications of Grobner Bases

Now if we include 𝑥1 + 1 and 𝑥2 − 1, we have the polynomials to our 

coloring ideal for this Γ. If we use Macaulay2 to compute the Grobner 

basis

𝐺(𝐼Γ) = {𝑥1 + 1, 𝑥2 − 1, 𝑥3, 𝑥5𝑥6 + 𝑥26, 𝑥4𝑥6 + 𝑥26 − 𝑥4 − 1, 𝑥25 − 1,

𝑥 − 4𝑥5 − 𝑥46 + 𝑥4 + 𝑥5 + 𝑥6 + 1, 𝑥24 + 𝑥4, 𝑥36 − 𝑥6}.

This gives us a multitude of possible assignments, one of which is

𝑥1 = −1, 𝑥2 = 1, 𝑥3 = 0, 𝑥4 = −1, 𝑥5 = 1, 𝑥6 = 0.

Next slide shows that this is a valid coloring.
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2.9 Actually computing a coloring 2. Applications of Grobner Bases
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2.10 Chicken McNugget Theorem 2. Applications of Grobner Bases

The Oakland McDonald’s sells Chicken McNuggets in sizes of 4, 6, 10, 

and 20. However, suppose when someone buys a 20-piece, they get lazy 

and only put 19. I’m wondering if I can buy 849 pieces because I love the 

class 21-849 so much. If I can do this, I also want to know how I can do 

it in the least number of boxes.
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2.11 Representing this as an Ideal 2. Applications of Grobner Bases

Idea: Consider the ideal

𝐼 = ⟨𝑥4 − 𝑧4,𝑥6 − 𝑧6,𝑥10 − 𝑧10,𝑥19 − 𝑧19⟩ ⊆ ℚ[𝑧, 𝑥4, 𝑥6, 𝑥10, 𝑥19].
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2.11 Representing this as an Ideal 2. Applications of Grobner Bases

Idea: Consider the ideal

𝐼 = ⟨𝑥4 − 𝑧4,𝑥6 − 𝑧6,𝑥10 − 𝑧10,𝑥19 − 𝑧19⟩ ⊆ ℚ[𝑧, 𝑥4, 𝑥6, 𝑥10, 𝑥19].

Note that

𝑥𝑎4𝑥𝑏6𝑥𝑐10𝑥𝑑19 = 𝑧849

as an element of 𝐴(𝑋) precisely when 4𝑎 + 6𝑏 + 10𝑐 + 19𝑑 = 849.
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2.12 Using the representative 2. Applications of Grobner Bases

We want our representative of 𝑧849 to satisfy two properties:
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2.12 Using the representative 2. Applications of Grobner Bases

We want our representative of 𝑧849 to satisfy two properties:

1) If possible (i.e. if there is a member of the equivalence class satisfying 

this property) we do not want any term of our representative to be 

divisible by 𝑧.
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this property) we do not want any term of our representative to be 

divisible by 𝑧.
2) The degree of the representative is minimal.
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2.12 Using the representative 2. Applications of Grobner Bases

We want our representative of 𝑧849 to satisfy two properties:

1) If possible (i.e. if there is a member of the equivalence class satisfying 

this property) we do not want any term of our representative to be 

divisible by 𝑧.
2) The degree of the representative is minimal.

It can be seen that any representative of 𝑧849 satisfying these conditions 

must be a monomial.
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2.13 Forcing the representative 2. Applications of Grobner Bases

Computing the Grobner Basis does not require us to use the 

lexiographic ordering on monomials!
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2.13 Forcing the representative 2. Applications of Grobner Bases

Computing the Grobner Basis does not require us to use the 

lexiographic ordering on monomials!

We only need the ordering to respect divisibility.

There exists an ordering such that

• if 𝛼𝑧 < 𝛽𝑧 then 𝛼 ≺ 𝛽,

• and if 𝛼𝑧 = 𝛽𝑧 and deg𝛼 < deg 𝛽, then 𝛼 < 𝛽.

Such an ordering suffices.
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3. Feasibility



3.1 Runtime Analysis 3. Feasibility

How fast is Buchberger’s algorithm? 
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3.1 Runtime Analysis 3. Feasibility

How fast is Buchberger’s algorithm? In the worst case, doubly 

exponential (i.e. 𝑂(𝑑2Ω(𝑛))).
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3.1 Runtime Analysis 3. Feasibility

How fast is Buchberger’s algorithm? In the worst case, doubly 

exponential (i.e. 𝑂(𝑑2Ω(𝑛))).

Thus Grobner Bases are not particularly useful for producing 

theoretically fast algorithms (i.e. fast under worst-case analysis) to solve 

computational questions.
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3.2 Can we do better? 3. Feasibility

A paper by Mayr and Meyer from 1982 shows the answer is (from an 

asymptotic perspective!) NO.
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3.2 Can we do better? 3. Feasibility

A paper by Mayr and Meyer from 1982 shows the answer is (from an 

asymptotic perspective!) NO.

Reason: there exist Grobner Bases with polynomials of degree 𝑑2Ω(𝑛) . 
Just returning your result takes that long.
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3.3 We can do better 3. Feasibility

But in the real world, constant factors matter.
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3.3 We can do better 3. Feasibility

But in the real world, constant factors matter.

State of the art: Faugere F4/F5 algorithms

How do they do better?

• F4 uses matrix multiplication to parallelize the computation of 

remainders

• F5 computes Grobner Bases incrementally
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3.4 Avoiding the worst case 3. Feasibility

Fortunately, this worst case behavior does not happen often.

• With a small number of generators, computing the Grobner basis is 

typically not too slow.

• Certain constraints can also be coded into the ideal to reduce the 

number of eliminations to 0
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3.5 Where are Grobner bases used? 3. Feasibility

Robotics. (Inverse kinematics, i.e. “how much force does the robot need 

to apply to end up in a certain position?”)
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4. Grobner Bases 3: CAS 

for Theorem Proving



4.1 Recap 4. Grobner Bases 3: CAS for Theorem Proving

• Grobner Bases are a particular kind of generating set of an ideal in a polynomial ring 

with “nice” properties.

‣ Can be seen as a generalization of Euclid’s gcd algorithm and Gaussian elimination.

• Grobner Bases allow for the explicit computation of:

‣ Ideal membership

‣ Elimination Theory

‣ Graph colorings (3-coloring, sudoku)

‣ Robotics (reverse kinematics)

‣ and many other applications

• Poor theoretical worst-case complexity, but in practice, highly optimized algorithms 

exist.
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5. Macaulay2



5.1 Macaulay2 5. Macaulay2

Macaulay2 is:

• a free CAS for commutative algebra and algebraic geometry

• Designed to provide algebraic algorithms with fast and efficient 

implementations

• designed to be useful for mathematicians, with core functionality 

including:

‣ arithmetic on rings, modules, and matrices

‣ algorithms for Grobner bases, Hilbert series, determinants, etc.
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5.2 Macaulay2 5. Macaulay2
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5.3 Macaulay2 5. Macaulay2

There’s a few (3000+) papers that use M2.
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5.4 Functionality 5. Macaulay2

Docs | Grobner Example
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https://macaulay2.com/doc/Macaulay2/share/doc/Macaulay2/Macaulay2Doc/html/___Groebner__Basis.html
https://www.unimelb-macaulay2.cloud.edu.au/#tutorial-groebner-1


5.5 Gröbner Base Computation 5. Macaulay2

Buchberger
1) For current basis elements 𝑓, 𝑔, compute the 

𝑆-polynomial 𝑆(𝑓, 𝑔)
2) Reduce 𝑆(𝑓, 𝑔) using polynomial division 

w.r.t current basis

3) If nonzero remainder, add it to the basis and 

update the choice of 𝑓, 𝑔
4) repeat until all 𝑆-polys reduce to 0.

F4 (M2′s algorithm)

1) Select and compute a set of basis pairs {(𝑓𝑖, 𝑔𝑖)}𝐼  

whose 𝑆-polynomials share a common (minimal) 

degree.

2) For each (𝑓𝑖, 𝑔𝑖), compute 𝑡𝑓 ⋅ LM(𝑓𝑖) = 𝑡𝑔 ⋅
LM(𝑔𝑖) = lcm(LM(𝑓𝑖), LM(𝑔𝑖)) and store 𝑡𝑓 ⋅ 𝑓  

and 𝑡𝑔 ⋅ 𝑔 (for quickly computing 𝑆-polynomials)

3) Arrange these 𝑆-polys as the rows of a matrix 

(columns corresponding to ordered monomials) 

and perform row reduction to get row-echelon 

form

4) Nonzero rows correspond to new basis elements. 

Add to the grobner basis.

5) Repeat until no new elements are formed.
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6.1 Interactive Theorem Proving 6. Interactive Theorem Proving

Interactive theorem provers are software that allow users to interactively 

work with the computer to construct formal mathematical proofs.

• Includes Lean, Rocq, Isabelle/HOL, etc.

• Guaranteed correctness provided by the language kernel

‣ (Strong reward signal for AI applications: AlphaProof, STP, etc.)

• Recent successes in collaborative formalization:
‣ Characterization of Equational Magmas [Tao] (Heavily relied on Grobner Bases!)

‣ Polynomial Friedman-Ruzsa Conjecture

‣ Kepler Conjecture [Hales]

‣ Perfectoid Spaces [Buzzard]

‣ […]
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6.2 Theorem Proving in Lean4 6. Interactive Theorem Proving

Quick Demo!
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6.3 Dependent Type Theory 6. Interactive Theorem Proving

• By Curry-Howard, proofs of mathematical propositions are isomorphic 

to types (at a high level…)

• Lean is founded on dependent type theory, where propositions are 

encoded as types, and a proof of a proposition is simply an inhabitant of 

the corresponding type.

• Dependent types allow the encoding of complex mathematical 

statements with embedded invariants.

‣ Lean’s type theory includes a countable hierarchy of universes, 

avoiding paradoxes and inductive types, quotient types, etc.
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6.4 Computability 6. Interactive Theorem Proving

• Lean is generally constructive, but not inherently so.

‣ Classical logic allows for greater expressiveness at the cost of 

noncomputability at the hands of AoC, etc.

For example:
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7. LeanM2



7.1 LeanM2 7. LeanM2

• Lean has type-theoretically perfect verification of proofs, but small 

support for computation tactics.

• Macaulay2 provides extremely efficient, locally hosted, and extensible 

computation tools

Therefore, we propose LeanM2, which aims to upgrade Macaulay2 to form 

formal proofs for use in Lean.
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7.2 Implementation 7. LeanM2

1) Convert current Lean hypotheses + goals into M2 command

2) Receive M2 response

3) Convert response into proof certificate and Lean syntax
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7.3 Implementation 7. LeanM2

1) Convert current Lean hypotheses + goals into M2 command

a) Parse proof state in TacticM monad and extract relevant structures

b) Synthesize metavariables and types into computable structures

c) Combine new structures into M2 command

2) Receive M2 response

a) parse messy M2 response into proof witness

3) Convert response into proof certificate and Lean syntax

a) Build Mathlib API for GB proof certification

b) Create parser for M2 outputs into syntactic, computable structures

c) Reinstance structures as Lean.Expr and parse into valid proof

d) Create and apply tactics to automatically use certificates to close 

goals.
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7.4 Implementation 7. LeanM2

• M2Type instances the semantic (often noncomputable) meaning of Lean 

code to the corresponding syntactic (computable) type.

‣ Explicitly constructs partial isomorphisms between the types, with 

formal proofs of invertibility

‣ Encapsulates Repr, UnRepr for easy conversion to/from M2.

• Syntactic representations include:

‣ ℝ : Cauchy Completion ↦ rationals + trancendental fns

‣ ℂ : See above.

‣ 𝐺𝐹(𝑝𝑛) : Splitting field (AoC) ↦ Conway w/ algebraic equivalence pf.

‣ […]

Polynomial rings (syntactically: _root_.Expr) are represented abstractly w/ 

base ring, atoms, and lifting fn to output ring.
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7.5 Implementation 7. LeanM2

Command:

• R=QQ[x0, x1]

f=((x0)^2 + (x1)^2)

I=ideal(x0,x1)

G=gb(I,ChangeMatrix=>true)

f % G

(getChangeMatrix G)*(f// groebnerBasis I)

Response:

• i1 : R=QQ[x0, x1]

o1 = R

o1 : PolynomialRing

i2 : f=((x0)^2 + (x1)^2)

       2     2

o2 = x0  + x1

o2 : R

i3 : I=ideal(x0,x1)

o3 = ideal (x0, x1)

o3 : Ideal of R

i4 : G=gb(I,ChangeMatrix=>true)

o4 = GroebnerBasis[status: done; S-pairs encountered up to 

degree 0]

o4 : GroebnerBasis

i5 : f % G

o5 = 0

o5 : R

i6 : (getChangeMatrix G)*(f// groebnerBasis I)

o6 = {1} | x0 |

     {1} | x1 |

             2       1

o6 : Matrix R  <--- R
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7.6 Examples and Demo 7. LeanM2

Demo time!

See: https://github.com/riyazahuja/lean-m2

Riyaz Ahuja, Dennis Chen, Rohan Jain Grobner Bases 2025-11-29 64 / 65

https://github.com/riyazahuja/lean-m2


7.7 Future Work 7. LeanM2

• June 2025

‣ Implement Grobner Basis API into Mathlib

‣ add support for Exterior algebras, Weyl algebras, and other 

noncomputables

‣ Stabilize UI and extend beyond ideal membership (elimination theory, 

etc.)

• Aug 2025

‣ Generalize proof certification to standard M2 library (once type 

synthesis is done and API is built, the rest is easy!)

• ???

‣ ITP
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