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1 Preliminaries

We start off by stating a few formal definitions and notions of local Euclidian-ness that will be
critical in properly stating the theorem. We then move on to state some simple measure-theoretic
facts and a variant of Fubini’s theorem.

1.1 Regular and Critical Points
Definition. For a smooth map f : R" — R", we say f is a submersion at x if Df(x) is surjective.

Remark 1.1. For some intuition behind this definition, we can write:

Ny - (x)
Df(x) = : . :
B (z) .. Gn(a)

And if Df(x) is surjective, then this can be described as the partials of f local to p reaching every
direction in the tangent space around p. Thus we can see that the map f is “submerging” into the
entire space of Y at p.

Submersions are a useful concept as they encode a sense of “completeness” into the local behavior
of f, allowing it to locally model every possible direction in the target space.

Definition. For smooth f : R™ — R", we say a point y € R™ is a reqular value if f is a submersion
for all z € f~(y).

Remark 1.2. [t’s called reqular because it’s a well-behaved and “normal” point in the image of f,
as it maps smoothly in all directions of its target space.

Howewver, as it is well-behaved, it isn’t nearly as interesting to analyze as its non-submersion
counterpart.

Definition. For smooth f : R™ — R™, we say a point y € R" is a critical value if it is not a reqular
value.

Remark 1.3. We also say that x is a critical point if f(x) is a critical value, and a reqular point
if f(z) is a regular value.

1.2 Measure and Fubini

Lemma 1.4. (Baby Fubini) For a measurable C C R", if we have that for allt € R, CN({t} xR"1)
has measure zero, then C' has measure zero.

Proof. B We'll talk about it in class soon as a special case of Fubini’s Theorem (the switching
iterated integral theorem) O

Remark 1.5. Although we’re leaving this lemma as a blackboz, the intuition behind why it works
1s pretty clear. Essentially, we’re showing that if all “slices” of C in one dimension have measure
zero, then C' itself is measure zero.



1.3 Reals are Lidelof
This is in the notes as Theorem 5.3.46, but recall anyways that

Lemma 1.6. If {U,}aca is a set of open sets in R™ with index set A, then there is a countable
subcollection {Us, }ren such that:
U=

acA keN

Proof. Theorem 5.3.46, examples 5.3.47 O

1.4 Image of Union is Union of Image

Lemma 1.7. For a map f: R™ — R", if we have a (possibly uncountable) collection {Uy}aca over
an index set A, with U, C R™, then:

f(U%)zUﬂ%)

acA acA

Proof. We know that if y € f(U,cyUa), then there exists z € (J,., Us such that f(z) = v.
Then, we know that x € U, for some o« € A, and as such y € f(U,). Thus, we conclude that
y e LJaeA.f)lﬂv

Conversely, if we have y € (J,c4 f)Ua, there exists a € A such that y € f(U,), meaning that
there exists » € U, such that f(z) = y. Then, we know that as z € U,, € |J,c4 Ua, and thus,

ye j?(LJaGAlj@)'
Thus:

f(U%):Uﬂ%)

aEA acA

2 Sard’s Statement and Proof

Theorem 2.1. (Sard) For f : R™ — R"™ a smooth map, if C C R™ is the set of all critical points
of f, then the set of critical values f(C) C R™ is Lebesque measure zero.

Proof. We proceed via induction on m. Clearly, if m = 0, the f : R — R", and as per convention,
we write R? to be a zero-tuple of real numbers, i.e. the empty tuple. In this degenerate case, the
image f(C) C f(R") € R" is a singleton, which necesarrily has measure zero in R". Thus, the
theorem is true for m = 0.

As such, we can suppose that the theorem is true for 0 < m — 1, and proceed to the inductive
step of showing how that implies that the theorem is true for m.

Now, define:
Ci={x € R" | 0uf(z) =0,|a| <i}

Here, « is a multi-index, such that C; denotes the set of all x € R™ where all partials of f with
order at most ¢ evaluate to zero at . Observe that clearly:
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And additionally, suppose we have some z € C;. Then we know that gg L(z) =0, and as such:
J

g_ﬁ(z) %(2) 0 --- 0
Df(z)=| + -~ & |=[:
g_i}:(z) gf;(z) 0 --- 0

Which is clearly not surjective. Thus, D f(z) is not a submersion, and as such, z is a critical point.
Thus, z € C'. As such, ¢, C C.
We can combine these facts to build a chain:

C2C1 20 2---2C

Where we let k > m/n — 1 (We will see why soon!).
Recall that via lemma 1.4, we know that since:

C=(C\C)U (Ucy\cm) UG

We have that:

k-1

f(@)=fC\CYU (U F(Ci\ Cm)) U f(Cr)

As such, we can divide the proof of \*(f(C')) = 0 into the following three steps.
L X(f(C\Cy))=0
2. M(f(C;\Ciy1)) =0forall 1 <i<k
3. A (f(Cr) =0

Note that we’re using the Lebesgue outer measure instead of the standard Lebesgue measure as
although C'is certainly measurable in R™, we don’t necessarily know that f(C') or f(C;) are measur-
able. However, once we have shown that they are all (outer) measure zero, we know by completeness
of the Lebesgue measure that they are all fully Lebesgue measurable anyways.

We now proceed to prove each of these facts:

L f(C\ Ch):
For all x € C'\ Cy, we aim to find an open V, such that f(V, N C) has measure zero. This is
sufficient as we know that C'\ C1 C U,¢c\¢y) Ve and as such by Lemma 1.6, we know that

there exists a countable subcollection {V,, }ren such that:

c\Gc Ve

keN

And thus:
c\Ci |V, nC

keN

f(0\01)§f<UmeC>

keN



feney < | fvano

keN

N(FICNC)) <X (U S Ve, 0 C))

keN

N(FCNC) <D N (f (Ve N CY)

keN
X(FC\ ) <50
N(F(C\C) <0
N(F(C\ C) =0

Now, we can fix x € C'\ C1, and show that there exists an open V, with \*(f(V, NC)) = 0.

As x ¢ Cy, we know that there must be some first-order partial %(1}) # 0. We can always
reindex coordinates and swap the labels on R™ R"™, so WLOG suppose ¢ = 7 = 1. Then we
have that g—ﬁ(:c) # 0. As we adopt the convention that f = (fi,---, fn), we define a new
function g : R™ — R™ via:

g(Z) = (f1(2>’ T 7zm)
Then, we have that:

() ) ()
oe(z) g2(z) - FE(2)
Dg(z)=| ™. ™ oo
CRON ORI 10
a(z) GG - g2
B 0 1 0
0 0 1
Now, if we consider z = z, we have that:
(@) gh(z) - ()
0 1 0
Dg(Z): : . . .
0 0 1

And as 2—2(9&) # 0, we know that Dg(z) has full (column) rank, and thus is invertible.

Thus, as Dg(z) € L(R™;R™) is a bijection, and thus a linear homeomorphism. Moreover, as
f is smooth, g is smooth, and thus we conclude that via inverse function theorem, that for
an open neighborhood V, about x, g is a local smooth diffeomorphism around z. This means
that g maps V, (smoothly) diffeomorphically to V! = g(V,.).

Thus, we have an inverse g~ well defined on V/, and as such we can define i : V] — R" via
h = fog ' As g is a bijection, the image of g~*(V/) = V,, and as such, we know that the



critical values of h are exactly the critical values of f restricted to V.. Thus, the critical values
of h are f(CNV,). Thus, we aim to show that the set of critical values of h has measure zero.

Now, let’s analyze some properties of h = f o g~! for z € V! = ¢g(V,). However, firstly notice
that as:

9(g7'(2)) = 2
We know that:
(filg™(2), 02 (2), g (2) = 2
So fi(g71(2)) = 2z1. Thus, for z = (¢, 29, , Zm):

h(z) = flg7(2)) = (filg™ (2) folg ™ (2)), o fulg™H(2)) = (E, 2, -+, 2)

In other words, h leaves the first coordinate of the input unchanged. That means that we can
induce a map by fixing this first coordinate ¢, as hy : V) N ({t} x R™™ 1) — {t} x R""! and
define it via:

he(t, (22, ,2m)) = (&, (ha(t, 22, -+ s 2m)s -+ s halt, 22,y Zm)))

Note that this is basically just h, but forcing the first coordinate to be t. As such, we essentially
consider h, : R™ ! — R™, as the other coordinate is always just going to be ¢ in both the
input and output vectors.

Now, let’s consider Dh(z), with z = (¢, 29, -+ , 2m,) € VJ/. Then we know that:

(2 ()
Dh(z) = | S
Ge(2) o gem(2)
1 0
Ge(z) o g (2)
And now writing in block matrix form:
1 (0 0)
B a(z) o 52(2)
Ge(z) o g=(2)

Where * is some other partials, but they really aren’t important to consider. We just know
that they exist, and they’re there. However, notice that this is by contruction equal to:

Dh(z) = (i Dh?(z))

Now, clearly we know that Dh(z) is not surjective if and only if Dh,(z) is not surjective. As
such, we conclude that (¢, z) is a critical point of h if and only if z is a critical point of h; (as
the ¢ in hy is fixed by the domain ({t} x R™~1) N V).



By induction, we know that all functions R™~! — R”™ have their set of critical values measure
zero. Thus, if h,(Cy) is the set of critical points of h;, we know that h;(C;) has measure zero.
Thus, as we know that the critical points of h; coincide with the critical points of h (i.e.
{t} x Cy are critical points of h) and h({t} x C;) must have measure zero. Moreover, as we
know that the critical values of h is exactly f(C'NV,), we now simply claim that these slices
are identical, in that:

FCnVe)n({t} xR = h({t} x C)
Clearly, as h(t,z9, - ,2m) € {t} x R" ! we know that h({t} x C;) C {t} x R*"!. And
as h({t} x C;) are critical values of h, and f(C' NV,) is all the critical values of h, clearly
h({t} x C,) C fF(CNV,).

For the other direction, consider some value f(c) € f(CNV,) N ({t} x R"!). We know that
fi(c) =t and that f(c) is a critical value of h. As h = f o g~!, we know that as g is bijective
and ¢ € V,, there exists d € V such that g7'(d) = ¢, and thus h(d) = (f o g7')(d) = f(c),
and by definition of h, we know that since fi(c) = hy(d) =t, then d; =t, so d € {t} N Cy, as
d is a critical point of h thus h;. Thus, we conclude that f(c) = h(d) € h({t} x C;). Thus, we
conclude that:

F(C AV A ({1} x R = h({t} x C)

Thus, as we know that for all ¢t € R, h({t} x C;) has measure zero, we know that f(C'NV,)N
({t} x R"1) has measure zero for all t € R. Thus, we can directly apply Lemma 1.4 to get
that this implies that f(C N V,) has measure zero. This, as explained earlier, is sufficient to
conclude that f(C'\ C1) has measure zero.

- f(Ci\ Ciga):

This case is very similar to the previous case, albiet simpler.

For all z € C;\ Cj11, we aim to find an open V, with z € V,, such that f(V, NC;) has measure
zero. This is sufficient as we know that C; \ C;11 C Uze(ci\cm) V., and as such by Lemma
1.6, we know that there exists a countable subcollection {V,, }ren such that:

C\C1C | JVa,

keN

And thus:
Ci\ Ciy1 C U Ve, NG
keN

f(Ci\Cipa) C f (U Ve ﬂC@')

keN

FIC\Cipr) € | fF (Ve nC)

keN

N (f(Ci\ Cigr)) <N (U S (Ve 0 Ci))

keN

A (f(Ci\ Cig)) < Z A (f (Vo N Cy))

keN

NG\ Can)) <30

keN



Now, we can fix x € C; \ C;;1, and proceed to show that there exists an open V, with
N (f(VeNC;)) =0.

As z € C;, all partials of f at x of order up to i vanish, however, there exists some ¢ + 1th

order partial that does not vanish. Thus, we can find a ith order partial of z, denoted w, such

that % # 0. And just as before, we can always switch and reindex coordinates to WLOG
J

suppose ¢ = j = 1. Thus % # 0.

as we adopt the convention that w = (wyq,- - ,w,), we define a new function g via:
g(z) = (wl(z)7 Z2, ’Zm>

Then, we have that:

Dy(z) = o1 da O m
D) G(z) e Bm(2)

5 (2) ‘3?;1(2) 37“’% (2)

0 0 1
Now, if we consider z = x, we have that:

gi(x) g(z) o g(2)

b= L

0 0 ... 1

And as g—lafll(x) # 0, we know that Dg(z) has full (column) rank, and thus is invertible.

Thus, as Dg(z) is a bijection, and thus a linear homeomorphism. Moreover, as f is smooth,
w is smooth, and thus g is smooth. As such we conclude that via inverse function theorem,
that for an open neighborhood V. about x, g is a local smooth diffeomorphism around z. This
means that g maps V, (smoothly) diffeomorphically to V) = g(V}).

Now, observe that as w is a ith partial of f, and by hypothesis we know that ith partials
vanish, we conclude that w(z) = 0. Thus, we know that by definition:

g(x) = (0,2, - ,xp)

Thus, we conclude that g maps C; NV, onto the hyperplane {0} x R™~1. Thus, as g is locally
bijective, we can define h = fog!, and note that the critical points of h are in the hyperplane
{0} x R™~1. Clearly, h has the same critical values as f |y, as h: V! — R™ and g is bijective
from V, — V. Thus, we know that f(Cy NV,) are exactly the critical values of type Cy of h.



Thus, we can define &’ : ({0} NR™ 1) NV, — {0} N R"! via the restriction of h and the
same reasoning from the previous case to show well-definedness due to invariance of the first
coordinate. As such, we can essentially consider i’ : R™~! — R", we conclude that due to the
IH, the critical values of A/, denoted as h'(C"), have measure zero in R". Thus, the critical
values of 1’ of type C;, denoted h'(CY), also have measure zero in R™.

However, note that as all partial derivatives of f of order up to ¢ vanish, we know that
g(Cr NV,) € {0} x R™! must be critical points for A’ : {0} x R™~! — R". This is because:

W(g(CrN Vi) = (fog )(g(CrNVa)) = f(CrN V)

And C; C C is by construction the set of critical points of f of type C; (first ¢ orders of
partials are zero). Thus, as f(C;NV,) is a subset of the critical values of ', we conclude that
f(C;N'V,) has measure zero.

Thus, as per the earlier reasoning, this is sufficient to show that f(C;\ C;y1) has measure
Zero.

Recall that we required k& > m/n — 1. With that in mind, fix some § > 0, and ) C R™ be a
cube of side length 0 < s < 0. We claim that f(Cx N Q) is measure zero. This implies that
f(Cy) is measure zero as we know that we can cover Cy with a countable union of such cubes
{Qi}ien, and thus we can write:

f<0k>=f<cmu@i> :f<UOmQ¢> = Jr(Gn@)

iEN ieN ieN
And thus:
)‘(f(ck))_)‘<Uf(Cka><Z)\ (Cr N Qi) ZOZO
ieN €N €N
So:

Mf(Cr)) =

Now, we continue to prove that f(Cy N Q) is measure zero. Note that @ is a cube, it is clearly
compact, and as all partials of up to order k are zero in Cj.

By Taylor’s theorem (Theorem 9.2.27), we know that as f is smooth, thus C**!, we can write
for some x € Cp, NQ and =z + h € Q:

:E—i—h Z%D] iy (/01 u;—!t)ka—Hf(th) dt) (h)®k

And moreover, we know that for all £ > 0 there exists § > 0 such that x +h € B(z,d) implies

that:
i

jl

=0

H flz+h)— DI (x il < g|n|Ftt

And thus, there exists ¢ > 0, such that h < 9, we know that we can let € = ¢ for a constant c.
We can do this because () is compact, so we know that the derivatives are bounded. Thus, we



know that we can bound this error term via extreme value theorem. (Proof by Subhasish).
Thus as the first k£ orders of partials vanish at x:

</o1 %Dkﬂf(th) dt) (h)®*

And by writing the integral as R(x, h), we conclude that:
fle+h) = f(x)+ R(z,h)
With |R(z, h)| < a|h|*! for some constant a.

S C’h|k+1

Now, with this in mind, we can fix r and subdivide @ into ™ subcubes of size at most d/r
(Just define a grid partition). We denote this subdivision as {@Q!}7"; and observe that by
construction {@Q}} is almost disjoint, and moreover | J_, Q) = Q. Thus, as Q N Cy, # @, we
know that there is some 1 <4 < ™ such that Q; N Cy # @. Let z € Q' N Cy, and observe
that as @] has side length at most ¢/r, and thus diameter at most \/m?. % Then we know that
we can write any y € Q} as z + h for some |h| < /m?2. Thus:

F(@) € f{z+h ||l < vmé/r}) = {f(x) + R(x,h) | |h] < v/md/r} € Q]

With Q7 C R" defined to be a cube of side length at most 2a(y/md/r)**! centered at f(x).
As we can do this for all ™ cubes, we conclude that:

fenQ clJscnae) cJre) cUJe!

(We can say this as if Cy N Q) = @ for some i, then f(CrN Q) ends up measure zero anyways
so it can just be ignored, so can just define Q7 = @ in that case).

As each \(f(Q))) < <2a ‘{,:fl) > we know that:

" (2a<m6>k+l)" _ ( g 20(y/m8)H 41 ) (2a<m6>k“>”

rk+1 rk+1 rk+l-m/n

MG Q) < S AMF(QD) <

And as k > m/n — 1, we know that k + 1 — m/n > 0. Thus, we conclude that as r — oo,
Af(CeN@)) — 0. As such, we conclude that A(f(Cx, N Q)) =

As mentioned before, we know that this is sufficient to show f(C}%) is measure zero.

As such, we conclude that:

A(f(C)) = ( (C\C)u (U f(C; \Cz+1)) U f(@:))

k-1

A(FCNC)) + M| F(Ci\ Cipn) ) + A (f(Ck))

i=1

F(C\ Ch)) +< SO C\Cz+1))>+/\(f(ck))

= O—I— +0=0
Thus:
A(f(C)) =0



3 Applications

The following proofs aren’t fully rigorous and utilize a fair amount of blackboxes and handwaving
as we don’t yet have the tools to properly work with these concepts (i.e. manifolds). However,
many of these results are fundamental in the study of differential geometry and topology, so it’s
interesting to see how far reaching the applications of Sard’s go.

3.1 Manifolds and Critical Points

Definition. A manifold is a topological space that locally resembles euclidean space R™ at all points.
Specifically, we define M to be a smooth n-dimensional manifold over a topological space X if for

all x € M, there exists a neighborhood x € U such that U is smoothly homeomorphic to an open
subset V' of R™.

Remark 3.1. This is a very informal definition, and the proper way to define such a manifold is by
passing to charts and transistion maps in order to define smooth atlases, and then define a smooth
manifold to be a pair (X,.A) for a topological space X and the mazximal smooth atlas A. We don’t
use this definition here because (a) I don’t want to prove all the interesting things that this entails,
(b) we will discuss manifolds properly in class soon, (c) this is enough for the handwavy extension
we tackle neat.

Fact 3.2. (Sard on Manifolds) For f : M — N a smooth map, with M, N smooth manifolds of
dimension m,n respectively, if C' C M 1is the set of all critical points of f, then the set of critical
values f(C) has Lebesque measure zero.

Remark 3.3. Note that we define the derivative on manifolds slightly differently, as Df(zx) €
L(Ty(x), Ty(f(x))), where Tay and Ty represent the tangent spaces of x, f(x) in M, N respectively.

Similarly, if E C M for M a smooth m-dimensional manifold, we say that E has measure zero
if there exists a chart (o, U, V) with E C U such that o(E) C R™ has measure zero.

Proof. We know that as measure zero is a local concept, we know that it suffices to prove this
under the assumption that M C R™ and N C R"™. Thus, this is equivalent to the Euclidean Sard’s
theorem. O

3.2 Morse Theory

Definition. For a smooth m-dimensional manifold M, and a map f: M — R, we say that v € M
is a nondegenerate critical point if it is a critical point, and moreover the Hessian H(f)(x) has
nonzero determinant. We define the Hessian here as:

2f o*f ... _9%

0z Ox10x2 0x10Tm

oy o .. _f

H(f) (ZL’) — (9302'8&:1 (931:2'8;1:2 ' 8m2‘8$m
oy _eF .. _f

OrmT1 OxmOxo 0T, 0T m,

Remark 3.4. These non-degenerate critical points are interesting as the Hessian condition forces
these points to be locally quadratic. That means that the critical point is always either a local maz,
local min, or a saddle point. (Proof: Morse Lemma)



Definition. For a smooth m-dimensional manifold M, and a map f : M — R, f is a Morse

function if all its critical points are nondegenerate.

Remark 3.5. The usual Morse function that you will find in the wild s none other than the height

function.

Theorem 3.6. Given M CR™ and f : M — R, then f, =

for all but a measure zero set of a € R™.

Proof. Define g : M — R via:

Similarly, for arbitrary a € R™, define f, : M — R via:

f+aizi+- - apnx, is a Morse function

fa:f+a1x1+"'amxm

And observe that:

"9
Vfe= Z a;; + a;x;
i=1

=g +a
And thus:
2f 0% f
6:p% Ox10x2
02 f 02 f
H(f) — 61‘2‘8:61 81:2‘8502
02 f 02 f
Ormx1 OxmOx2
99
0.
il
o
= | =Vyg
9g
Ozm
And:
2f
0x? 0x10x2
92 f 92 f
H(fa) — 6362‘811 812'8562
02 f 9% f
Oxmz1  OzmOx2
Vfa 9
ox ox
Vi g
o Ox2 o Oxza
V/fa 9
8(E7n OTm
Thus:

H(f)=H(fa) =Vyg

_o*f
0x10Tm
02 f
0x20Tm

Béf

OLm OTm

02 f
0x10Tm
02 f
0x20Tm

8% f

OTm OTm

With this in mind, we now aim to categorize for which a € R™ is Vg nonsingular. Consider
a € R™ such that —a is a regular value of g. Then we know that for critical points z of f,, we have
that D f,(x) is not a surjection, however, as the output space is R, this demands that all partials



must be zero. Thus, we know that (Vf,)(z) = 0, and thus g(x) = —a. Thus, (Vg)(z) # 0 as —a
is a regular value of g, and thus Dg(x) is surjective, which demands that there exists a nonzero
partial as the output space of g is R. Thus, we conclude that H(f,)(x) is nonsingular. Thus, all
critical points of f, are nondegenerate, and thus f, is a Morse function.

As this holds for all a with —a a regular value of g, and by Sard’s we know that the set of
non-regular values (critical values) is measure zero, we can say that most a € R™ allow f, to be a
Morse function. O
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